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We suggest a method implemented in a computer program, immodestly dubbed TSUNAMI,
that allows us to compare two homologous protein subfamilies with respect to the distribution
of substitution rates along sequences. This study furthers our earlier work on a wavelet model of
rate variation (1). The current approach allows sensitive detection of subtle discordances in the
selection patterns between two protein subfamilies. In addition to performing fast computation
of the maximum posterior probability estimates of the relative substitution rates, the method can
select the most appropriate number of wavelet parameters for a particular dataset. TSUNAMI is
based on a Markov chain Monte Carlo technique, and appears to be more applicable to larger
datasets than is the full likelihood-based approach.

1. Introduction

Amino-acid sites in real protein sequences differ in their degree of reluctance to
accept an amino-acid substitution; furthermore, a particular site’s degree of conserva-
tion is usually correlated with its functional importance. Therefore, analysis of rela-
tive rates of amino-acid substitution along a protein sequence is essential to our
understanding of the evolution of protein function and to our ability to reconstruct
phylogenetic trees.

Numerous mathematical models have been suggested to describe substitution rate
variation (e.g., Durbin and colleagues (2) and the currently popular gamma-model (3,
4)). In a recent paper (1), we presented two alternative models — a wavelet and a
Fourier model — that have the attractive property of flexibility in the number of
parameters required to describe the rate variation across sites in a particular dataset.
Here, we suggest a few enhancements that speed up computation under these models.
We also demonstrate how to implement a Bayesian model-selection approach with
regard to the wavelet model.

We use Markov chain Monte Carlo (MCMC) simulation to compute the posterior
distributions of parameter estimates, the posterior-probability confidence intervals for
substitution rates, and the maximum posterior density estimates of the parameter val-
ues. We speed-up the MCMC computation by fitting the estimates of posterior density
to a three-parameter gamma distribution for each rate parameter separately. We
implement an MCMC model-selection procedure and apply it to analysis of real
sequence data.
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2. Trees, likelihood, and pseudolikelihood

Before we specify the proposed modifications, we outline the conserved core of the
accepted mathematical model of protein evolution.

Each set of truly homologous present-day sequences is a product of whole-gene
duplications of a whole ancestral gene and local amino-acid substitutions, deletions,
and insertions. For many reasons, deletion and insertion events are often excluded
from the inference of a phylogeny for a set of homologous proteins, and the statistical
modeling and data analyses both concentrate on only substitution events. In practice,
the result is that the sites of a multiple alignment that contain at least one deletion
character are excluded from analysis, so that the remaining differences among
sequences can be explained completely by amino-acid substitution alone.

Researchers usually assume that amino acid substitution at each site of a protein
sequence follows a Poisson process, whereas the rate of this process varies from site
to site. For mathematical description, it is convenient to work with the relative substi-
tution rates for sites, rather than with the absolute rate. The relative rates are simpler
because the absolute expected number of amino substitutions per given protein site
varies from one branch of the tree to another, whereas the relative substitution rate at
each site can be conveniently assumed constant for all branches of the tree. The rela-
tive substitution rates for a dataset are usually defined such that the average relative
substitution rate over all sites of each dataset is equal to 1. Then, the expected number
of substitutions per a unit time at each individual site of the dataset is equal to the
product of the relative rate for this site and to the average number of substitutions per
site per unit time over all sites.

In a typical model, the substitution process is assumed to be homogeneous over
time; that is, the intensity matrix, Q, is postulated to be the same for all branches of
the true evolutionary tree. Traditionally, the branch lengths of a tree are measured in
terms of the number of amino-acid substitutions per site. As long as Q remains con-
stant, the expected lengths of edges are allowed to deviate from the molecular-clock
behavior (when all expected root-to-tip distances are equal). The matrix of probabili-
ties of substituting any amino acid for another amino acid over a time interval t at the
ith site of protein alignment is computed as a matrix exponential of the product Q t ri,
where ri is the relative substitution rate at the ith site. Since Q and t appear in the like-
lihood equation as an inseparable product, it is convenient to scale Q such that the
mean number of substitution per a unit of time is equal to 1 (e.g., see ref. 4). We com-
pute the full likelihood of a tree as a conditional probability of the data given the
model and a set of parameter values. In the case of just two sequences, 1 and 2, we
compute the likelihood for the xth site as

In this equation, is the expected frequency of ith amino acid in the common
ancestor of sequences 1 and 2, respectively; s1(x) and s2(x) are the integers (with

Lx πiP i s1 x( ) t1rx,→( )P i s2 x( ) t2rx,→( )
i
∑=
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value between 1 and 20) corresponding to amino acids at the xth site of sequences 1
and 2, respectively, and notation indicates substitution of amino acid with label
i with amino acid with label j. is the probability of observing the
ancestral amino acid i substituted with amino acid s1 after time t; and rx is the relative
substitution rate at the xth site. Under a time-reversible model equation for likelihood
over all sites simplifies to .

When we consider more than two sequence simultaneously, the equation for the
likelihood function follows the tree topology. We must compute and multiply the
probabilities of transitions along each branch of the tree, and then sum such products
over all possible values of the unknown amino acids that belong to unobservable
ancestral sequences in the interior nodes of the tree. There is a simple and elegant
mapping from a ‘parentheses’ encoding of a tree to the matrix equation for Lx. For
example, for a hypothetical tree with just four pending vertices - 1, 2, 3, and 4,

- we obtain ,
where ppppx is a row vector of expected frequencies of amino acids at the root of the tree,

is 20-by-20 matrix of transition probabilities corresponding to the
ith branch of the tree, is the jth column of this matrix, indicates a regular
matrix product, and indicates an elementwise product of two matrices of equal
dimensionality, . In complex expressions, operators of elementwise
multiplication have a precedence higher than that of operators of the regular matrix
multiplication. Clearly, the parentheses pattern is the same in both expressions, com-
mas in tree expression are mapped to pairwise multiplication operators, numerals that
represent pending vertices are mapped into corresponding column vectors, and empty
spaces between parentheses are mapped to operators of multiplication followed by a
full transition probability matrix corresponding to an interior branch. (Matrix notation
for likelihood computation comes in handy in MatLab programming, since MatLab
computes matrix expressions much faster than it does equivalent scalar expressions.)
For a more advanced description of maximum-likelihood analyses in phylogenetics
and of the substitution models, please refer to other sources (e.g., ref. 2, pp.192-232:
refs. 5, 6).

3. Wavelets and the wavelet model

A wavelet decomposition of a discrete function is a mathematical procedure that is
used frequently in signal processing and statistical modeling. In addition to their
abstract beauty, wavelets have the attractive property of allowing us to compress data
by identifying and setting to zero most of the wavelet coefficients that make only
small contributions to the signal (7).

We briefly introduce wavelets for readers new to this subject. Wavevelets are local
discrete functions. They are “local” in that each function has a well-defined domain,
and outside of each wavelet, there is a contiguous subset of sites that have zero val-
ues. We chose for this study the simplest Haar wavelet, which has value of +1 at the

i j→
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first half and a value of -1 in the second half of its domain. A wavelet domain length
is always a power of 2 (2, 4,..., full sequence) - which is why we had to extend the
actual protein sequences in this analysis to the nearest power of 2 by adding dummy
unvaried sites. Denoting by the l the sequence length, a complete set of wavelets in
our analysis contains l/2 wavelets with domain length 2, which cover the sequences
without overlapping way; l/4 wavelets with domain length 4, which again cover com-
plete sequence but do not overlap each other; and so on, until we reach two wavelets
with domain length l/2 and a single wavelet with domain length l.

In our previously described wavelet model (1), relative substitution rates, {rx},
where x indicates the site number, are assumed to be the following function of wave-
let parameters, {ai}:

In the present study, we change this definition slightly by dropping the normaliza-
tion:

We can make this change because, when all wavelet parameters, {aj}, are equal to
zero, the average relative rate for all sites is equal to 1, as required. Further, by adding
a padding of constant sites to the dataset to increase the total number of homologous
sites to the nearest power of 2, and by forbidding combinations of wavelet parameters
that produce negative relative rates, we can modify {aj} while still preserving the nor-
malization of the relative rates. (Do not worry about the dummy sites; at the end of
the analysis, they are discarded, and the relative rates for remaining true sites are
properly renormalized.) The possibility of avoiding renormalization speeds up the
probability computation significantly. We obtain this speedup because, in the absence
of renormalization, we have to recompute site likelihoods only for those sites that
have their rates changed and, due to local nature of wavelets, the number of such sites
is on average small. Renormalization of relative rates would force us to recompute all
site likelihoods.

In addition to computing the honest likelihood function, we will analyze another
objective function, pseudolikelihood (PL), which we define as follows:

Based on the observation that the pseudolikelihood is a product of honest two-
sequence likelihoods, we expect that the mean values of rate estimates that we obtain
by maximizing the pseudolikelihood function will be similar to those of the full likeli-
hood. Since pseudolikelihood has only one product - whereas the full likelihood has a
sum of numerous products - it is much faster to compute. Pseudolikelihood has the
virtue that it does not depend explicitly on the tree topology. Moreover, because the
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